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Floating-Point Numbers

Generally, a nonzero real number can be represented in the
following form:
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where 𝛽 ≥ 2, 0 ≤ 𝑑𝑖≤ 𝛽 − 1, and 𝑒 is an integer.
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Floating-Point Number in computers

Since computers cannot possess infinite digits, in them,
numbers are represented in the following (finite) form:
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“significant”

𝛽: “base”
𝑒: “exponent”, Emin≤ 𝑒 ≤ Emax

𝑝: “precision”



IEEE 754 binary64 (double)

Most computers employ, IEEE754 standard binary64 (so called
double) , i.e., 𝛽 = 2, 𝑝 = 53, Emin= −1022, Emax = 1023.
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It is called “normalized” when 𝑑0 = 1.
Normalized numbers 52 significant digits.

It is called “denormalized” when 𝑑0 = 0.
The significant digits of denormalized numbers are less than 52.



Maximal and minimal numbers

maxmin_double.cc



Rounding
𝔽: the set of floating-point numbers (here binary 64).

For simplicity, we consider a normalized number 𝑥 satisfying
𝑚 ≤ 𝑥 ≤ 𝑀.

𝑥

When 𝑥 ∉ 𝔽, computers round off 𝑥 to RN(𝑥) ∈ 𝔽.

𝑥1 𝑥2

𝑥 − RN(𝑥) = min
𝑦∈𝔽

|𝑥 − 𝑦|



Observe rounding in computers

1 1 + 𝜀

1 =
1

20
+

0

21
+

0

22
+⋯+

0

252
⋅ 20

Machine epsilon

observation_rounding_to_nearest.cc
test_rounding.cc


