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Verified Numerical Computation

Numerical methods strictly estimating errors therein, for
example, , truncation errors, and discretization

errors.

Verified numerical computation adds mathematical reliability
to computation results.

plays an important role for implementing
verified numerical computations.



Example of Errors

Calculator in your phone

]
123 The exact result is
13333 0.333333333333333333333.........
which has infinite digits.
mc m+ m-  mr We have to round it off to finite digits.
cC <= x @
7 8 9 —

% 0




Example of Errors

Excell . b b
TRy | 103 10 | 0.30000000000000100
= 3 0D s Jii AN TE= - Soelcy
oo re sz =l 93 | 9 0.30000000000000100
e = '7?;63) : = 8.3 8 0.30000000000000100
F3 Jx =\D3-0.35)
A B C D 7.3 / 0.30000000000000000
1 63 | 6 |0.30000000000000000
2 a b a-b
3 10.3 10 0.30000000000000100 5.3 3 0.30000000000000000
4 9.3 9 0.30000000000000100 | 0.00000000000000072164 0.00000000000000072164
5 8.3 8 0.30000000000000100 | 0.00000000000000072164 0.00000000000000072164
6 1.3 7 0.30000000000000000 | 0.00000000000000000000 | -0.00000000000000016653
! 6.3 6 0.30000000000000000 | 0.00000000000000000000 | -0.00000000000000016653
8 5.3 5 0.30000000000000000 | 0.00000000000000000000 | -0.00000000000000016653

* Office 2016(W), Office365(W), Office for Mac




Confirm with C++



Error is serious?

Significant discrepancies (between the computed
and the true result) are very rare, too rare to worry

about all the time, yet not rare enough to ignore.
W.M.Kahan
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Q. What is the value of x?

4 N
X = 199 s =1000 Result f t
fori=1to 60 ds | X= esult from computers
X = sqrt(x) b. x=1
end c. ) x=10 <—Analytical Result
fori =1to 60
X = X2 d. x=100
end e. x=0
N Y,

example2.cc
example2_highprecision.cc



Rump’s example

Rump found the following example

a
f(a,b) = (333.75 — a®)b® + a*(11a*b® — 121b* — 2) + 5.5b% + 5

Try to calculate this function for a = 77617 and b = 33096.

The exact solution is

S.M. Rump. Algorithms for Verified Inclusions - Theory and Practice. In R.E. Moore,
editor, Reliability in Computing, volume 19 of Perspectives in Computing, pages 109-
126. Academic Press, 1988.

example3.cc



Spurious solution of Emden’s equation

* Breuer-Plum-McKenna observed a spurious solution of

Emden’s equation —Au = u?.

* The existence of asymmetric solutions has been denied by
Gidas-Ni-Nirenberg’s theory.

B. Breuer, M. Plum, and P. McKenna, “Inclusions and existence proofs for solutions of a
nonlinear boundary value problem by spectral numerical methods,” in Topics in
Numerical Analysis , pp. 61-77, Springer, 2001



Interval arithmetic

T &

V2 €

3.14,3.15

1.41,1.42

Interval Round up
arithmetic T

T+ /2 € [4.55,4.57]
|

Round down

Q. What is the value of x? - Interval version -

Double (53bit)

Xx=1[1, 2.2844e+222]

Double-Double (106bit) X =[99.999, 100.01]

example2_interval.cc



Today's Goal

* To understand the concept of verified numerical computation
(verified computing).

* To obtain the fundamental knowledge of floating-point numbers
and understand how to use simple interval arithmetics.

* Apply such techniques to system of linear equations.



